Abstract. In the present paper, we introduce (p, q)-extension of Apostol type Frobenius-Euler polynomials and numbers and investigate some basic identities and properties for these polynomials and numbers, including addition theorems, difference equations, derivative properties, recurrence relations and so on. Then, we provide integral representations, explicit formulas and relations for these polynomials and numbers. Moreover, we discover (p, q)-extensions of Carlitz's result [L. Carlitz, Mat. Mag. 32 (1959), 247-260] and Srivastava and Pintér addition theorems in [H.
Introduction
Throughout this paper, we use the standart notions: N 0 denotes the set of nonnegative integers, N denotes the set of the natural numbers, R denotes the set of real numbers and C denotes the set of complex numbers.
The (p, q)-numbers are defined as and (D p,q f ) (0) = f (0), provided that f is differentiable at 0. The linear (p, q)-derivative operator holds the following properties
and
The (p, q)-analogue of (x + a) n is given by
where the (p, q)-Gauss Binomial coefficients
and have the (p, q)-derivatives
in conjunction with [22] ).
A more detailed statement of above is found in [2, 7, 9, 10, 20, 22] .
The classical Bernoulli polynomials and numbers, B n (x) and B n , classical Euler polynomials and numbers, E n (x) and E n , and classical Genocchi polynomials and numbers, G n (x) and G n , are defined by the following generating functions
for detailed information about these numbers and polynomials, see [5, 6, 25, 26 n (x, y; λ : p, q) of order α by the following generating functions:
where λ and α are suitable (real or complex) parameters and p, q, ∈ C with 0 < |q| < |p| ≤ 1. Letting x = 0 and y = 0 above, we then have B (α) n (x; u) of order α are defined by the following Taylor series expansion at z = 0:
where α is suitable (real or complex) parameter and u is an algebraic number, see [4, 5, 12, 28] .
Apostol type Frobenius-Euler polynomials H (α)
n (x; u; λ) of order α are defined as follows:
where λ and α are suitable (real or complex) parameters and u is an algebraic number, see [3, 23] .
The following definition is new and plays an important role in deriving the main results of this paper. Now we are ready to state the following Definition 1.1.
Definition 1.1. Apostol type (p, q)-Frobenius-Euler polynomials H (α)
n (x, y; u; λ : p, q) of order α are defined by means of the following Taylor series expansion about z = 0:
where λ and α are suitable (real or complex) parameters, p, q, ∈ C with 0 < |q| < |p| ≤ 1 and u is an algebraic number.
Upon setting x = 0 and y = 0 in Definition 1.1, we have H
n,q (x, y; u; λ) (see [14] and [23] ), lim
n (x + y; u; λ) (see [3] ).
This paper is organized as follows. The second section provides some basic identities and properties for Apostol type (p, q)-Frobenius-Euler polynomials and numbers of order α, including addition theorems, difference equations, derivative properties, recurrence relations and so on. The third section not only includes integral representations, explicit formulas and relations for H
Preliminaries and Lemmas
In this section, we provide some basic formulas and identites for Apostol type (p, q)-Frobenius-Euler polynomials of order α so that we derive the main outcomes of this paper in the next section. We now begin with the following addition theorems for H (α) n (x, y; u; λ : p, q) as Lemma 2.1.
Lemma 2.1. (Additions theorems) The following relationships hold true:
Some special cases of Lemma 2.1 are investigated in Corollary 2.1 and 2.2.
Corollary 2.1. In the case x = 0 (or y = 0) in Lemma 2.1, we get the following formulas
Corollary 2.2. In the case x = 1 (or y = 1) in Lemma 2.1, we have the following formulas
We remark that equations (2.1) and (2.2) are (p, q)-generalizations of the following familiar formula:
Lemma 2.2. (Difference equations) We have
λH (α) n (1, y; u; λ : p, q) − uH (α) n (0, y; u; λ : p, q) = (1 − u) H (α−1) n (0, y; u; λ : p, q) , λH (α) n (x, 0; u; λ : p, q) − uH (α) n (x, −1; u; λ : p, q) = (1 − u) H (α−1) n (x, −1; u; λ : p, q) .
Lemma 2.3. (Derivative properties) We have
Apostol type (p, q)-Frobenius-Euler polynomials H n (x, y; u; λ : p, q) are related to the B n (x, y; λ : p, q), E n (x, y; λ : p, q) and G n (x, y; λ : p, q) as in below.
Lemma 2.4. We have
B n (λ : p, q) = [n] p,q λ − 1 H n−1 λ −1 ; 1 : p, q , B n (x, y; λ : p, q) = [n] p,q λ − 1 H n−1 x, y; λ −1 ; 1 : p, q , E n (λ : p, q) = 2 λ + 1 H n −λ −1 ; 1 : p, q , E n (x, y; λ : p, q) = 2 λ + 1 H n x, y; −λ −1 ; 1 : p, q , G n (λ : p, q) = 2 [n] p,q λ + 1 H n −λ −1 ; 1 : p, q , G n (x, y; λ : p, q) = 2 [n] p,q λ + 1 H n x, y; −λ −1 ; 1 : p, q .
Lemma 2.5. For α, β ∈ N, Apostol type (p, q)-Frobenius-Euler polynomials satisfy the following relations
n−k (0, y; u; λ : p, q) .
Lemma 2.6. (Recurrence relationship) H (α)
n (x, y; u; λ : p, q) holds the following equality:
Main Results
This section includes integral representations, some identities and explicit formulas for H (α) n (x, y; u; λ : p, q). Also, we present new theorems and some (p, q)-extensions of known results in Carlitz [5] , Kurt [14] , Simsek [23] , Srivastava and Pintér [25] and so on. We start with the following explicit formula for Apostol type (p, q)-Frobenius-Euler polynomials of order α by the following theorem.
Theorem 3.1. Apostol type (p, q)-Frobenius-Euler polynomials of order α hold the following relation:
It remains to use Lemma 2.2 and Eq. (2.3).
The (p, q)-integral representations of H (α)
n (x, y; u; λ : p, q) are given by the following theorem.
Theorem 3.2. We have
in terms of Lemma 2.3 and equations. (1.5) and (1.6), we arrive at the asserted result
The other can be shown using similar method. Therefore, we complete the proof of this theorem.
The integral identities (3.1) and (3.2) are (p, q)-generalizations of the formula
Here is a recurrence relation of Apostol type (p, q)-Frobenius-Euler polynomials by the following theorem.
Theorem 3.3. We have
Proof. For α = 1, applying the (p, q)-derivative to H n (x, y; u; λ : p, q) with respect to z yields to
using equations (1.2) and (1.3), it becomes the proof of these theorem is completed similar to that of Theorem 3.6.
Conclusion
In the present paper, we have introduced (p, q)-extension of Apostol type FrobeniusEuler polynomials and numbers and investigated some basic identities and properties for these polynomials and numbers, including addition theorems, difference equations, derivative properties, recurrence relations and so on. Thereafter, we have given integral representations, explicit formulas and relations for mentioned newly defined polynomials and numbers. Henceforth, we have obtained (p, q)-extensions of Carlitz's result [5] and Srivastava and Pintér addition theorems in [25] . The results obtained here reduce to known properties of q-polynomials mentioned in this paper when p = 1. Also, in the event of q → p = 1, our results reduce to ordinary results for Apostol type Frobenius-Euler polynomials and numbers.
